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Abstract

A problem of finding stationary states of open quantum systems is addressed.
We focus our attention on a generic type of open system: a qubit coupled
to its environment. We apply the theory of block operator matrices and find
stationary states of two-level open quantum systems under certain conditions
applied on both the qubit and the surrounding.

PACS numbers: 03.65.Yz, 03.67.—a, 02.30.Tb, 03.65.—w, 03.65.Db

1. Introduction

In quantum mechanics, the density operator p of a quantum system is called a stationary state
if [H, p] = 0, where H is a given time-independent Hamiltonian of the system. Since p
satisfies the Liouville—von Neumann equation id;p = [H, p], th is clear that stationary states
are invariant with respect to the transformation p +— U,pU,, where U, = exp(—iH1) is
the time evolution operator. In other words, stationary states do not change during the time
evolution.

For low-dimensional closed systems, the stationary states can be obtained relatively easily
[1, 2]. It is a common situation that a small quantum system is immersed in another, mostly
large, system called the environment [3]. Such an open system does not evolve unitarily in
time. An analysis of open quantum systems [4, 5] is much more complicated as they are a
stage of a variety of physical phenomena [6—8]. The famous decoherence process [9] may
serve as an example. In open quantum systems the character of potentially existing stationary
states is not obvious.

There are various physical problems related to the properties of open quantum systems,
which has already been addressed and intensively discussed (see e.g. [10, 11]). The existence
and properties of stationary states have significant importance in quantum information
processing and quantum theory itself; nevertheless, the procedure of deriving such states
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has not been studied in a full detail and many open questions remain, e.g.

(i) do the stationary states exist for a given open system?
(i) what features of a given model are responsible for the existence of such states?
(iii) how such states can be constructed?

The answers to the above questions are still incomplete. For example, it is known that the
stationary states exist for completely positive (CP) [12] evolution of the open system; this fact
follows directly from Schauder’s fixed point theorem [13]. However, this is only an existential
result and so far there are no available methods to determine explicit form of stationary states.
Furthermore, the very existence of the stationary states in general case is an open problem,
e.g., in the presence of initial system—environment correlations [14].

The primary goal of the presented work is to propose a method of calculating the stationary
states in the case of two-dimensional open quantum systems. The theory of block operator
matrices [15—17] is adapted to achieve this goal. In particular, we use the Riccati operator
equation [18] to solve the eigenproblem for the total Hamiltonian. It is shown how to derive
the stationary states by using the solution of the equation.

2. Block operator matrix approach

We begin with a brief review of the block operator matrices approach to the problem of
decoherence in the case of a single qubit [19-22]. Let H be the Hamiltonian of the total
system. We will assume that it has the following form:

H = Hy ®Ig + 1y ® Hg + Hiy, (D

where Hg and Hg represent the Hamiltonian of the qubit and the environment, respectively,
while Hj, specifies the interaction between the systems. The Hamiltonian H acts on the
Hilbert space Hy = C? ® Hg, where H is the Hilbert space (possibly infinite-dimensional)
related to the environment. I and I, are the identity operators on C* and ‘H, respectively.

Since the isomorphism C? @ Hg ~ Hg @ Hg holds true, the Hamiltonian (1) admits the
block operator matrix representation [17]

H= [éﬂ M ] on D(H) = (D(H) ND(V1) @ (D(V) N D(H.). @
All the entries of (2) are operators acting on Hg. Moreover, the diagonal entries, i.e., H.
are self-adjoint. In this paper, we will focus on the case in which V is bounded; thus, V' is
bounded as well; however, no assumption on the boundedness of H. is made. Under these
circumstances we have D(H) = D(H,) & D(H_), where domains D(H,) are assumed to be
dense in HE.

The generally accepted procedure to obtain the reduced time evolution of the open system,
the so-called reduced dynamics, reads [23]

pr = Tre[U, @ (o) U} | = T, (o). 3)

Above, py specifies the state of the open system at + = 0. The map P assigns to each initial
state pp a single state @ (pp) of the total system. The assignment map must be chosen properly
so that T, can be well defined [24-26]. For instance, if no correlations between the systems are
initially present, then ®(py) = p9 ® w for some initial state of the environment w. It is worth
mentioning that if the initial state cannot be factorized, the definition of ® is not accessible
[27]. The unitary operator U, = exp(—iHt) describes the time evolution of the total system.
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The map Trg denotes the so-called partial trace

|:M11 M12i| (TTMH TrM,
TrE =

M h M;; € T(Hg). 4
My Moy TrMs, Terz)e 2(C), where M;; € T (Hg) “4)

Tr refers to the usual trace operation on Hg, 7 (Hg) denotes the Banach space of the trace
class operator with the trace norm ||A||; = Tr(v/ AAT), whereas M,(C) is the Banach space
of 2 x 2 complex matrices. Note that the partial trace is a linear operation transforming the
block operator matrices (square brackets) to the ordinary matrices (round brackets).

3. Main results

Fixed point theorems like Banach or Schauder indicate the existence of stationary states for
a given evolution 7;. However, there is no general analytical procedure to obtain the explicit
form of such states. In this section we propose a method of deriving stationary states for
two-level open quantum systems. The generalization to the higher dimensions seems to be
possible. However, we will not deal with this issue in this paper. We begin with some
definitions.

Definition 1. The density matrix p is said to be a stationary state if it is invariant with respect
to reduced evolution, T,;(p) = p.

Definition 2. Ler X be an operator acting on the Hilbert space Hg. The subset 'y of
‘Hg @ Hg defined as

EIR2a.
Iy = ”:XW):| ) e DX) C HE} (5)
is said to be the graph of X.

The graph of a linear and closed operator is a subset of the Hilbert space, which is a
Hilbert space itself equipped with the inner product

Vi)
i)
(¥|¢) is an inner product on Hg. It is a known fact (see lemma 5.3 in [28]) that the graph

[y is H-invariant, that is, H(I'xy N D(H)) C I'y if and only if X is a bounded solution (with
Ran(X|pm,)) C D(H.)) of the Riccati equation

XVX+XH —HX-Vi=0 on D(H.). (7)

(W11W2) = (Y1 1v2) + (91e2), i) = [ } ely (=12. (6

Along with the equation above we introduce the dual Riccati equation, namely
YVIY+YH —HY -V =0 on D(H). (8)

It is proved in [28] that ¥ = —XT is a solution (with Ran(XTID(Hf)) C D(H,)) of (8) if and
only if the orthogonal complement of I'y, i.e. the subspace

—Xx1 "
F)%:{[ W'>‘“]:|w>e73(x'>cHE}, ©)
is H-invariant. It is straightforward to see that a bounded operator X solves (7) if and only
if Y = —XT is a solution of (8). Therefore, I'y and ng are H-invariant if and only if X is a

bounded solution of (7). In other words, I'y is the reducing subspace of H if and only if X
is a bounded solution of (7). From considerations above it also follows that I"'y and ng are
U;-invariant.
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Definition 3. Elements from the graph and its orthogonal complement are denoted by | X )
and |XV), respectively. The Riccati states are defined as py, = Tre(oy) and p¥ = Trg(o¥),
where 0y := | Xy )(Xy| and oV = |XV)(XV|.

The vectors |Xy) and |XV) are not normalized with respect to the norm induced by the
inner product (6). Moreover, the states gy, and oY are not factorizable (i.e. correlations occur),
unless X|v) ~ |¥) and XT|y) ~ |i), respectively. However, they are U,(~)UI—invariant,
which is obvious because the vectors | X)) and | X V) are U,-invariant. As a consequence, the
Riccati states py, and pV are T-invariant, where the map 7, has been defined in (3). Therefore,
the set of all the Riccati states is invariant under the time evolution. Nevertheless, the Riccati
states are not the stationary states, in general. However, we show that the latter can be found
among the Riccati states. To be specific, we will prove the following

Theorem 1. Let X be a bounded solution of the Riccati equation (7). Then,

(i) the Riccati state py, is a stationary state if the vector |r) is an eigenvector of the operator
Z,=H,+VX:D(H,) — Hg,

(ii) the Riccati state p® is a stationary state if the vector |¢) is an eigenvector of the operator
Z =H — VX' :D(H) - Hg.

Proof. Let Z,|¢¥) = AlYy) for A € C and |) € D(H,). From (7) we obtain that
Vi + H X = XZ,; hence, in view of (2) the last equality leads to H|Xy) = A|Xy). Thus,
the vector state |X,) is the eigenvector of the total Hamiltonian with the corresponding
eigenvalue A. Since H is self-adjoint we have A € R and in consequence U,Q,/,U}L = 0y,
where ®(py) = oy, which ultimately leads to T;(py) = oy .

In a comparable manner, we have H|X?) = §|X?) for £ € R and |$) € D(H.) so that
Z_|¢) = £|¢@). Just as before U, ® (p?)U! = o?; therefore, T, (p?) = p?. O

At this point, some remarks, regarding the theorem given above, should be made.

Remark 1. The question whether all stationary states are Riccati states or if it is possible
that stationary states exist that are not Riccati states is still open.

Remark 2. Since the space I'y is closed, we have the following decomposition
Hiet = Tx @ F; Thus, the total Hamiltonian is similar to certain block diagonal operator
matrix, ST'HS = Hy, where

0 Z (10)

This implies that 0 (H) = o(Z,) U o(Z_). Therefore, the eigenvalues of Z, are exactly the
eigenvalues of the Hamiltonian H.

_xf
H, = Z 0 with D(Z,) = D(H.) and s—|%® =X
X Ig

Proof. Let X be a bounded solution of (7); V is assumed to be bounded as well. From the
definition of Z, we have D(Z.) = D(H.), and thus D(H) = D(Hy4). Since X solves the
Riccati equation (7), it is clear that HS = SHy. To prove H ~ Hy we will show that S is
invertible and S™! is bounded. Indeed, S = I + X, where

0 —xf
X — [X . } (an
Since X' = —X, the spectrum of X is a subset of the imaginary axis. In particular,
—1 ¢ 0(X); thus, 0 € o(S) and, hence, S has a bounded inverse. |
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Remark 3. The stationary states py, o? indicated in theorem 1 are given by

(1 s (IXTOIR —(X)3
"‘”‘A<<X>¢ ||xw||2) and P _B(—<X>¢ 1) (12)

where ) € D(H,) and |¢) € D(H_) are normalized eigenvectors of Z_ and Z,, respectively.
A = Tr(py), B = Tr(p?) are normalization constants and (X), = (¢|X|¢).

Proof. Since Tr|y)(¢] = (¢|¥), equations (12) can be obtained directly from definition (3)
and formula (4). O

4. Examples

4.1. Spin-boson model

In this subsection, we will demonstrate an application of the presented method to a non-trivial
example, namely the paradigmatic spin-boson model [29, 30]. Assume that the Hamiltonian
of the qubit (spin-half) and its environment (boson) are in the following forms:

Hy = Bo. + o, and Hg = wa'a, (13)

respectively. For the sake of simplicity, we consider the case where there is only one boson in
the bath. The interaction between the systems reads

Hy=o0.®(ga+ga)=0.®V. (14)

In the above description, o, and o, are the standard Pauli matrices and «, 8 € R. The creation
a' and annihilation a operators obey the canonical commutation relation (CCR) [a,a] =1
[1]. Parameters w > 0 and g € C represent the energy of the boson and the coupling constant
between the qubit and the boson, respectively.

If « = 0 (no energy exchange between the systems), the model can be solved, i.e. the
reduced dynamics can be obtained, exactly [31, 32]. The solution describes the physical
phenomena known as the pure decoherence or dephasing [33]. On the other hand, when o # 0
the exact solution in not known. The objective is to estimate the stationary states for the latter
case.

To proceed, we must clarify some technical aspects (e.g. domains of H,). Clearly, the
operators a and a' cannot both be bounded since the trace of their commutator does not vanish
[34]. Therefore, the CCR holds only on some dense subspace D, of Hg. Let D; be the dense
domain of both a and af, on which they are mutually adjoint, that is, (a")* = a and a* = af.
At this point, it is not obvious that the sets D;, D, having desire properties, exist. The detailed
construction can be found in [35] and the right choice is given by

Dk={|w>eHE:Zn"|<w|¢n>|2<oo}, k=1,2. (15)

n=0

On D; the creation and annihilation operators can be defined explicitly as (see also [36-38])

oo oo
alg) =Y /n(duld)lgn1), a'lg) = v+ 1{gal$)pns), |¢) € Dy, (16)
n=I n=0
{l¢n)}52 is an orthonormal basis in Hg. From (16) it follows that allg,) = Vn+1¢p)
and al|¢,) = «/n|¢,_1), which in most books on quantum mechanics is a definition of the
creation and annihilation operators. However, the operators defined in such a way are not
closed; nevertheless, they are closable and their closures are given by (16).
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Since a is closed, H is a positive self-adjoint operator and D, C D; is a core of a (see,
e.g., theorem 4.2.1 in [39]). Henceforward, we assume that the basis {|¢,)}2 is composed
with the eigenvectors of Hg. In this case we have

Helg) =) on(dnld)ldn), |9} € D;. a7

n=0

By choosing a suitable coupling constant g, it is possible to make H, = Hg £ V self-adjoint
on D. := D; N D, = D,. To see this, let us first note that (g*a + ga’)* O g*a + ga'; thus,
V is Hermitian (symmetric). Since H is self-adjoint and V Hermitian, it is sufficient to show
that V is relatively bounded with respect to Hg (Hg-bounded) and has Hg-bound less than 1.
A fundamental result of perturbation theory, known as the Kato—Rellich theorem [34], assures
self-adjointness of H. in this case.

Recall that B is A-bounded if (i) D(A) C D(B) and (ii) || B|¢)||> < allA|p)|)* + b1} ||?
for all |¢) € D(A) and some nonnegative constants a, b. The infimum of all a for which
a corresponding b exists such that the last inequality holds is called the A-bound of B.
Note that sometimes it is convenient to replace the condition (ii) by the equivalent one:
IBI@) I < allAlg) ||l + D) I

It is not difficult to see that if two operators B; and B, are bounded with respect to the
same operator A and their relative bound are less than b, and b,, respectively, then a; B) +a; B,
is also A-bounded and its relative bounded is less than |a; |by + |az|b, (see lemma 6.1 in [40]).
In other words, the set of all A-bounded operators form a linear space. Therefore, to see that V
is Hg-bounded it is sufficient to prove that both @ and a' are Hg-bounded. To finish this, note

lalp) 1> =" nl{gul@)* =D+ Dl{gule)
n=1 n=0

<Y nPlgnld) P+ Y 1ald)* = o I Helg) I + 1)1 (18)
n=0

n=0

In comparable manner one can also verify that |laf|¢)||?> < o™ '||Hg|¢)||*>. Since Hg-bound
of both a and a' is less than 1, the Hz-bound of V is also less than 1 for |g| < 1/2.
The block operator matrix representation of the spin-boson Hamiltonian reads

H
H= |:a+ ; ] where H, = HgtV and DH) =D, @ Ds; 19)

the quantity « is understood as alz. For the sake of simplicity we have set 8 = 0; the example
remains non-trivial because [Hyp ® Ig, Hiy ] # 0. The corresponding Riccati equation takes
the form

aX*+XH, —HX—-a=0 on D,. (20)

In order to solve this equation we define an operator P as

Ply)y =Y €™ (gul¥)lbn). ) € He. 1)

n=0

Directly from (21) we have P = P* and P? = Tg; thus, P is both self-adjoint and unitary.
Formally, P can be written as P = exp(ig Hg); however, unlike Hg, P is everywhere defined.
The Hellinger—Toeplitz theorem guarantees that P is bounded, which can also be seen directly.
Indeed, from unitarity we obtain || Py || = || ||, for [) € Hg; hence, ||P|| = 1. P is, in fact,

6
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the bosonic parity operator [41]. We will show that X = P solves (20). Since P? = I it is
sufficient to show that
PH — HP =0 orequivalently PH,P=H. on D,. (22)
In order to prove (22) let us first note that P|y) € D, for |¢¥) € D,, which means
Ran(P|p,) C D,. This follows from lei™| = 1. Furthermore, PHgP = Hpy and
PV P = —V. The first equality is obvious, while the second one follows from PaP = —a
and PafP = —a'. As aresult we obtain (22).
The stationary states in this example can be written as
1/1 r,
P = —( . ) where  r. = (Y. |P|y.), (23)
2\rf 1
and |y,) are normalized eigenvectors of Z, = H, £ o P. Unfortunately, the solution of this
eigenproblem is not known for ¢ # 0. However, one can determine certain bounds on r,
using properties of P and p,. First, r1 are real numbers because P is self-adjoint. From the
non-negativity of p, we obtain thatr, € [—1, 1].

Equation (23) provides an estimate of the stationary state of the qubit immersed in the
bosonic bath. This result has been obtained without any approximations. Of course, r. can
be computed approximately with the use of known methods. It is important to stress that to
obtain the exact reduced dynamics for the model in question one needs to resolve an eigenvalue
problem for Z,.

4.2. Commuting environment

In the second example we consider the Hamiltonian in the following form:
H=00, ®g+Io® Hy+0,® H;, a#0. 24)
Here we assume that the linear operators Hy and H; are bounded and commute. Moreover,
we impose restriction to the spectra of Hy and Hy, i.e. o (Hp), o (H}) are discrete and non-
degenerated. The Hamiltonian (24) describes a qubit in contact with an environment and in
the presence of the magnetic field B = Bé,, where B ~ «. Examples of such systems occur
in the literature, e.g. [42—44]. The block operator matrix representation of (24) is given by
(19) with H. = Hy &= H; and D(H) = Hg @ Hg. The corresponding Riccati equation reads
(20).
Using the fact that Hy and H; commute, so they have a common set of eigenvectors, we
write

I_I()|¢n> = )\n|¢n> and H,; |¢n) = gn|¢n)a (25)
where A, € o (Hy), &, € o (Hy) and (¢, |¢n) = 8, for n, m € N. The Riccati equation has a
positive and self-adjoint solution X = f(H,), where the function f is given by

/X2 +a? —
fo =" for xeo(H). (26)
o

Unlike the spin-boson model, in this case the eigenproblem for Z. can be readily solved.
Indeed, we have

Ziln) = [An £ & f(ED]n). 27)
According to remark 3 we obtain
. _ 1 f(En) - | fEDI? —f(&)*)
pn = (f(sn)* |f<sn>|2) wd o A= C"(—f(s,» r) e

where C,, = (1+|f(&,) |)~. In this case there are no initial correlations between the systems
because X|¢,) ~ |¢,). We wish to emphasize that there may exist other solutions of the
Riccati equation. For an explicit example see [21].
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4.3. Sylvester equation

In the case V = 0, the Hamiltonian (2) is already in a block diagonal form. One can note that
the Riccati equation simplifies to the Sylvester equation:

XH,—HX=0 on D(H,). (29)

There exists at least one solution, namely X = 0. The corresponding stationary states are
given by the projections Py = diag(0, 1) = |0)(0| and P, = diag(1, 0) = [1)(1].

4.4. All unbounded entries

In the last example, we consider an interesting example in which all the entries of H are
unbounded, but still the solution of the Riccati equation exists as a bounded operator. To see
this, let us choose H. = H, with the domain D(H,) and let us assume that V is self-adjoint
with the domain D(V'). Then, the Riccati equation

XVX+XHy— HX -V =0 on D(Hy) ND(V) (30)

has at least two bounded solutions, X, = =£I. The stationary states read

/1 +1
pizi(ﬂ 1)' (D

An example in which all the entries of a block operator matrix are bounded and the solution
of the Riccati equation is unbounded has been provided in [15].

5. Summary

In this paper we have proposed a method of calculating the stationary states for two-level
open quantum systems. We have used the theory of block operator matrices; in particular,
we have related the solution of the algebraic Riccati equation to stationary states. In the
presented method, the stationary states are generated from the stationary states of the total
system by tracing out the environment. Our investigation includes the case when the initial
system—environment correlations occur. In fact, this case is embedded in the method since the
eigenstates of the total Hamiltonian are entanglement.

Finally, we want to stress that the method cannot be used when the total Hamiltonian
is not known. Such a situation arises, e.g., when the details of the interaction between the
systems are not accessible. We hope that despite aforementioned weaknesses, the results of
the paper may serve as a starting point for further investigations.

Acknowledgments

The authors are deeply grateful to the referee for very careful reading of the original manuscript
and valuable suggestions. BG would like to thank Jerzy Dajka for his suggestions and
comments. This work was financed from the Polish science budget resources in the years
2010-2013 as a research projects: grant no N N519 442339 and project no IP 2010 0334 70.

References

[1] SakuraiJJ 1994 Modern Quantum Mechanics Revised Edition (Reading, MA: Addison-Wesley)
[2] Galindo A and Pascual P 1990 Quantum Mechanics I (Berlin: Springer)

8



J. Phys. A: Math. Theor. 44 (2011) 215306 B Gardas and Z Puchata

(3]
[4]
(5]
[6]

(71
(8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
(18]

(19]
[20]
(21]

(22]
(23]

(24]
[25]
(26]
[27]

(28]

(29]
[30]
(31]
[32]
(33]
[34]
(35]
[36]
(371
[38]
(391

[40]

Leggett A J et al 1987 Dynamics of the dissipative two-state system Rev. Mod. Phys. 59 1-85

Davies E B 1976 Quantum Theory of Open Systems (London: Academic)

Breuer H P and Petruccione F 2002 The Theory of Open Quantum Systems (Oxford: Oxford University Press)

Dajka J, Mierzejewski M and Luczka J 2008 Non-Markovian entanglement evolution of two uncoupled qubits
Phys. Rev. A 77 042316

Dajka J, Luczka J and Hénggi P 2011 Geometric phase as a determinant of a qubit—environment coupling
Quantum Inf. Process. 10 85-96

Dajka J, Mierzejewski M and Luczka J 2009 Fidelity of asymmetric dephasing channels Phys. Rev.
A79012104

Zurek W H 2003 Decoherence, einselection, and the quantum origins of the classical Rev. Mod. Phys.
75 715-75

Dajka J and Luczka J 2008 Origination and survival of qudit—qudit entanglement in open systems Phys. Rev.
A 77062303

Dajka J and Luczka J 2010 Distance growth of quantum states due to initial system-environment correlations
Phys. Rev. A 82 012341

Gorini V, Kossakowski A and Sudarshan E C G 1976 Completely positive dynamical semigroups of N-level
systems J. Math. Phys. 17 821

Nielsen M A and Chuang I L 2000 Quantum Computation and Quantum Information (Cambridge: Cambridge
University Press)

Royer A 1996 Reduced dynamics with initial correlations, and time-dependent environment and Hamiltonians
Phys. Rev. Lett. 77 3272-5

Kostrykin V, Makarov K and Motovilov A 2003 Existence and uniqueness of solutions to
the operator Riccati equation. A geometric approach Contemp. Math. (AMS) 327 181-98
(http://www.ams.org/mathscinet-getitem?mr=1991541)

Langer H and Tretter C 1998 Spectral decomposition of some non-self adjoint block operator matrix J. Operator
Theory 39 339-59 (http://www.mathjournals.org/jot/1998-039-002/1998-039-002-008.html)

Tretter C 2008 Spectral Theory of Block Operator Matrices and Applications (London: Imperial College Press)

Adamjan V, Langer H and Tretter C 2001 Existence and uniqueness of contractive solutions of some Riccati
equations J. Funct. Anal. 179 448-73

Gardas B 2009 Almost pure decoherence Master’s Thesis Institute of Physics, University of Silesia, Poland

Gardas B 2010 Riccati equation and the problem of decoherence J. Math. Phys. 51 062103

Gardas B 2011 Riccati equation and the problem of decoherence: II. Symmetry and the solution of the Riccati
equation J. Math. Phys. 52 042104

Gardas B 2011 Exact solution of the Schrodinger equation with the spin-boson Hamiltonian J. Phys. A: Math.
Theor. 44 195301

Alicki R and Lendi K 2007 Quantum Dynamical Semigroups and Applications (Springer Lecture Notes in
Physics vol 717) 2nd edn (Berlin: Springer)

Pechukas P 1994 Reduced dynamics need not be completely positive Phys. Rev. Lett. 73 1060-2

Alicki R 1995 Comment on ‘Reduced dynamics need not be completely positive’ Phys. Rev. Lett. 75 3020

Pechukas P 1995 Reply on ‘Reduced dynamics need not be completely positive’ Phys. Rev. Lett. 75 3021

Stelmachovi¢ P and BuZek V 2001 Dynamics of open quantum systems initially entangled with environment:
beyond the Kraus representation Phys. Rev. A 64 062106

Stelmachovié P and Buzek V 2003 Phys. Rev. A 67 029902 (erratum)

Albeverio S, Makarov K A and Motovilov A K 2003 Graph subspaces and the spectral shift function Can. J.
Math. 55 449-503

Kehrein S K and Mielke A 1996 On the spin-boson model with a sub-ohmic bath Phys. Lett. A 219 313-8

Salkola M I ez al 1996 Coupled spin-boson systems far from equilibrium Phys. Rev. B 54 R12645-8

Alicki R 2004 Pure decoherence in quantum system Open Syst. Inf. Dyn. 11 53-61

Luczka J 1990 Spin in contact with thermostat: exact reduced dynamics Physica A 167 919-34

Dajka J et al 2010 Dephasing of qubits by the Schrodinger cat Physica E 42 374-7

Reed M and Simon B 1980 Methods of Modern Mathematical Physics (New York: Academic)

Szafraniec F H 1998 Analytic models of the quantum harmonic oscillator Contemp. Math. 212 269-76

Szafraniec F H 2001 Duality in the quantum harmonic oscillator J. Phys. A: Math. Gen. 34 10487

Szafraniec F H 2007 How to recognize the creation operator Rep. Math. Phys. 59 401-8

Stochel J and Szafraniec F H 2002 A peculiarity of the creation operator Glasg. Math. J. 44 137-47

Blank J, Exner P and Havli¢ek M 2008 Hilbert Space Operators in Quantum Physics (Springer Science+Business
Media B.V)

Teschl G 2009 Mathematical Method in Quantum Mechanics with Application to the Schrodinger Operator
(Providence, RI: American Mathematical Society)


http://dx.doi.org/10.1103/RevModPhys.59.1
http://dx.doi.org/10.1103/PhysRevA.77.042316
http://dx.doi.org/10.1007/s11128-010-0178-x
http://dx.doi.org/10.1103/PhysRevA.79.012104
http://dx.doi.org/10.1103/RevModPhys.75.715
http://dx.doi.org/10.1103/PhysRevA.77.062303
http://dx.doi.org/10.1103/PhysRevA.82.012341
http://dx.doi.org/10.1063/1.522979
http://dx.doi.org/10.1103/PhysRevLett.77.3272
http://www.ams.org/mathscinet-getitem?mr=1991541
http://www.mathjournals.org/jot/1998-039-002/1998-039-002-008.html
http://dx.doi.org/10.1006/jfan.2000.3680
http://dx.doi.org/10.1063/1.3442364
http://dx.doi.org/10.1063/1.3574889
http://dx.doi.org/10.1088/1751-8113/44/19/195301
http://dx.doi.org/10.1103/PhysRevLett.73.1060
http://dx.doi.org/10.1103/PhysRevLett.75.3020
http://dx.doi.org/10.1103/PhysRevLett.75.3021
http://dx.doi.org/10.1103/PhysRevA.64.062106
http://dx.doi.org/10.1103/PhysRevA.67.029902
http://dx.doi.org/10.4153/CJM-2003-020-7
http://dx.doi.org/10.1016/0375-9601(96)00475-6
http://dx.doi.org/10.1103/PhysRevB.54.R12645
http://dx.doi.org/10.1023/B:OPSY.0000024755.58888.ac
http://dx.doi.org/10.1016/0378-4371(90)90299-8
http://dx.doi.org/10.1016/j.physe.2009.06.080
http://dx.doi.org/10.1088/0305-4470/34/48/313
http://dx.doi.org/10.1016/S0034-4877(07)80075-9
http://dx.doi.org/10.1017/S0017089502010091

J. Phys. A: Math. Theor. 44 (2011) 215306 B Gardas and Z Puchata

[41] Bender C M, Meisinger P N and Wang Q 2003 All Hermitian Hamiltonians have parity J. Phys. A: Math.
Gen. 36 1029

[42] Gardas B 2010 Exact reduced dynamics for a qubit in a precessing magnetic field and in contact with a heat
bath Phys. Rev. A 82 042115

[43] Krovi H et al 2007 Non-Markovian dynamics of a qubit coupled to an Ising spin bath Phys. Rev. A 76 052117

[44] Arshed N, Toor A H and Lidar D A 2010 Channel capacities of an exactly solvable spin-star system Phys. Rev.
A 81062353

10


http://dx.doi.org/10.1088/0305-4470/36/4/312
http://dx.doi.org/10.1103/PhysRevA.82.042115
http://dx.doi.org/10.1103/PhysRevA.76.052117
http://dx.doi.org/10.1103/PhysRevA.81.062353

	1. Introduction
	2. Block operator matrix approach
	3. Main results
	4. Examples
	4.1. Spin-boson model
	4.2. Commuting environment
	4.3. Sylvester equation
	4.4. All unbounded entries

	5. Summary

